We present an explicit analytical computation of the quantum corrections, at next-to-leading order, to the critical exponents. We employ for that the Unconventional minimal subtraction, recently proposed, and the Callan-Symanzik methods to probe the universality hypothesis by comparing the outcomes for the critical exponents evaluated in both methods and the ones calculated previously in massless theories renormalized at different renormalization schemes. Furthermore, the consistency of the former method is investigated for the first time in literature, to our knowledge. At the end, we compute the critical exponents at any loop level by an induction process and furnish the physical interpretation of the results. *
I. INTRODUCTION
Lorentz invariant (LI) field theories have been designed and successfully predicted results in very accurate agreement with experimental data in the past years [1] [2] [3] . Despite their triumphs, Lorentz-violating (LV) versions of these theories have been proposed to search for possible violations of the referred symmetry. In the high energy particle physics scenario, the standard model of elementary particles and fields was extended to include LV effects.
This extension culminated in the so called standard model extension [4] [5] [6] [7] . On the other hand, recent extensions of theories showing this symmetry breaking mechanism in low energy physics, particularly in phase transitions and critical phenomena, were proposed [8] [9] [10] . In the latter situation, it was studied the universal behavior of systems undergoing a continuous phase transition. For that, specifically, they were applied field-theoretic renormalization group and ǫ-expansion techniques for the computation, by an infinity induction process after an explicit finite next-to-leading order evaluation, of the all-loop quantum corrections to the critical exponents for massless LV O(N) λφ 4 scalar field theories renormalized in the normalization conditions [11] [12] [13] , in the Bogoliubov-Parasyuk-Hepp-Zimmermann (BPHZ) [14] [15] [16] [17] and in the minimal subtraction [12] methods, respectively. The critical exponents are universal quantities in the sense that they present identical results if they are evaluated in massless or massive theories renormalized at fixed or arbitrary external momenta, even if the theories are different at intermediate steps (if their renormalization constants, β-functions, anomalous dimensions, fixed points etc. are distinct). That is, in essence, the content of the universality hypothesis in the field-theoretic approach for the problem just mentioned. In this field-theoretic approach for the study of critical phenomena, massless and massive theories correspond to critical and noncritical theories, respectively, since the difference between an arbitrary temperature and the critical one is proportional to the mass of a quantum field. The fluctuations of this quantum field, when taken into account, give rise to the nontrivial quantum corrections to the classical mean field or Landau values for the critical exponents. The classical exponents can be easily obtained neglecting these fluctuations. As an example, for magnetic systems the order parameter is the magnetization.
The magnetization is directly associated to the mean value of the fluctuating quantum field. In phenomenological terms, the critical exponents can be the same, thus confirming the universality hypothesis, even for completely distinct physical systems as a fluid and a ferromagnet. They do not depend on the microscopic details of the system, but just on the dimension d, N and symmetry of some N-component order parameter and if the interactions between the degrees of freedom are of short-or long-range type. When the critical behavior of many systems is characterized by an identical set of critical exponents we say that they belong to the same universality class. The universality class inspected here, the O(N) one, is a generalization of the particular models with short-range interactions: Ising (N = 1),
etc. [18] . Many works considering the easily experimentally accessible physical parameters d and N were published [19] [20] [21] [22] [23] . As the other concept from which the critical exponents also depend, the symmetry of the order parameter, is harder to probe than the earlier couple of them, we find just a few works on this subject [24, 25] . Thus the main aim in this work is to investigate the effect of a symmetry breaking mechanism, a LV one, on the critical exponents describing the critical behavior of systems belonging to the O(N) universality class.
In this paper, we evaluate the all-loop quantum corrections to the critical exponents for the massive LV O(N) λφ 4 scalar field theory by employing both Unconventional minimal subtraction [26] and the Callan-Symanzik methods [27] [28] [29] . In the latter method, the theory can be renormalized at the symmetry point in which the external momenta are set to null values, since a massive theory is not plagued by infrared divergences as in the massless case.
A massless theory can not be defined at zero external momenta, i.e. the divergences are at the low momenta or infrared limit. The divergences to be treated here are in the opposite limit, in the ultraviolet or high momenta regime. Although a massive diagram is harder to evaluate than its massless counterpart, at a symmetry point in which its external momenta are fixed at vanishing values, this task is greatly simplified. Another simplification of this method is the drastic reduction in the number of diagrams to be evaluated, as we will show. While in the BPHZ method a finite large set of diagrams and counterterms, around of fifteen, had been used in the next-to-leading level LI computation [17] , in the Callan-Symanzik method we have to evaluate a minimal set of just four of them. The same minimal set of diagrams is needed for attaining an identical loop order in the evaluation of the critical exponents in the former method, i. e. in the Unconventional minimal subtraction scheme [26] , which is a recently proposed and simpler alternative method to the BPHZ one. Thus, one of the aims of this work is to probe the consistency of this method in the LV scenario. The LV theory emerges when it is included into the LI Landau-Ginzburg Lagrangian density, the only LV O(N) relevant operator (by power-counting analysis whose canonical dimension is less than or equal to four) K µν ∂ µ φ∂ ν φ. In general, K µν is a function of spacetime position and the present calculation would be very difficult in the general case. We then restrict the problem for the case where K µν is constant. In such situation, it is well known that the usual scalar field theory with Lorentz symmetry can be expressed in non-Minkowski coordinates. This was originally proved by V. Kostelecký [30] and has been discussed in many papers since that one. We will use this fact for generalizing the next-to-leading critical exponents for their all loop orders counterparts. Higher power LV operators could be considered, but they would contribute with neglecting corrections to the critical behavior [31] [32] [33] . They are called irrelevant operators and have canonical dimensions higher than four. Now the ultraviolet divergences of this LV theory are shown in the primitively one-particle irreducible (1PI) vertex parts Γ (2) , Γ (4) and Γ (2, 1) . A renormalized theory is attained if these correlation functions are renormalized (the ultraviolet divergent higher 1PI vertex parts can be written in terms of the primitively 1PI correlation functions by an skeleton expansion, thus turning out them to be automatically renormalized). The critical exponents are then evaluated from the scaling properties of the renormalized primitively 1PI vertex parts in a region near but not at the critical point. This is the case of a system which is not at the critical point but near it. Systems like that must be described by a massive or noncritical theory. The scaling properties give rise conditions to be satisfied between the critical exponents η and ν and the field γ φ and composite field γ φ 2 anomalous dimensions computed at the fixed point, arising from the nontrivial solution of the β-function, respectively. The remaining four critical exponents can be computed from the four independent scaling relations among them.
This work begins with the renormalization of the theory and the subsequent computation of the critical exponents in the Unconventional minimal subtraction scheme in Sec. II. In
Sec. III, we achieve the same task by employing the Callan-Symanzik method. In Sec. IV we present an induction process leading to the evaluation of the all-loop quantum corrections to the critical exponents. At the end, we finalize the paper in Sec. V with our conclusions.
II. UNCONVENTIONAL MINIMAL SUBTRACTION SCHEME
The theory considered here is described by the bare Lagrangian density, in the Euclidean spacetime suitable for statistical field theory computations, for the massive self-interacting
The unrenormalized parameters φ B , m B and λ B are the bare field, mass and coupling con- 
The expansion is composed of many terms. It can be reduced to a small number of them, since all diagrams containing tadpole insertions (5) and the one which is independent of external momenta (6) can be eliminated. In fact, it was shown that this can achieved if we substitute the bare mass m B,tree−level in Eq. 1 initially at tree-level for its three-loop counterpart m B,three−loop [12, 26] . Thus just naming m B,three−loop → m B from now on we have for N = 1
where Q = −(P 1 + P 2 ). We can define a relation between the dimensional and the dimensionless renormalized coupling constants λ and u as λ = um ǫ , where m, at the loop level considered here, is used as an arbitrary momentum scale and ǫ = 4 − d is the small parameter for which we will expand the dimensionally divergent diagrams around d = 4. An analog relation between the corresponding bare quantities λ B and u 0 can be also defined as λ B = u 0 m ǫ . Now the Eqs. above can be written, for general N, as
Γ (2,1)
where
We do not need to evaluate all the diagrams above. In fact, some of them are not independent. This is another fact that turns this method simpler than the BPHZ one, where we have to evaluate more than fifteen diagrams for performing an identical achievement. As the calculation of the loop contributions to the 1PI vertex parts leads to momentum integration involving just their internal bubbles and not their external legs, all what matters are their internal bubbles contents. Thus, without take into account the O(N) symmetry factors, we
Finally, the only diagrams to be considered are the , , , ones,
whose values are shown in B. The 1PI vertex parts are multiplicatively renormalized
where the poles are minimally eliminated, thus being absorbed in the renormalization constants for the field Z φ and composite field Z φ 2 , respectively. Writing the Laurent expansion
where the renormalization constant Z φ 2 ≡ Z φ Z φ 2 is used instead of Z φ 2 , for convenience, the renormalized 1PI vertex parts satisfy to the Callan-Symanzik equation
We use the function
instead of γ φ 2 (u), for convenience reasons. While in the right-hand side (rhs) of Eq. 29, the 1PI vertex part has l +1 composite field insertions, the one in the left-hand side (lhs) possess l such insertions. We know that an extra composite field insertion represents one additional power of the propagator in the respective 1PI vertex part. Thus in the ultraviolet limit, i.
e., when the external momenta P i /m → ∞, the rhs can be neglected in comparison with the lhs, order by order in perturbation theory. This result can be seen as an application of the Weinberg's theorem [37] . Then, in the ultraviolet limit, the 1PI vertex parts satisfy the renormalization group equation and we can apply the entire theory of scaling for these functions and evaluate, perturbativelly, the β-function and anomalous dimensions as
The constant coefficients a 1 , · · · , c 2 depend on the Feynman diagrams just mentioned [26] .
Now absorbingŜ in a redefinition of the coupling constant and using the Feynman diagrams computed in B, we find
where the LV Π factor is given by
δ {µν δ ρσ} ≡ δ µν δ ρσ + δ µρ δ νσ + δ µσ δ νρ and δ µν is the Kronecker delta symbol. As in this method the renormalization is elegantly performed at arbitrary external momenta,
This produces a LV functional dependence of the β-function, field and composite field anomalous dimensions on K, only through Π, in a power-law form. We will use this fact in further discussions. While the cancelling of the integrals
is responsible for the field renormalization at the loop level inspected here, shown in Eq. (38) , since the renormalization of this parameter comes from the terms proportional to P 2 in the diagrams and , we are yet left with a spurious divergence. In fact, it comes from the terms proportional to m 2 in the diagrams and . These terms turn out the respective 1PI vertex part a divergent one
This is the effect of reducing the number of diagrams just from the beginning, thus redefining the initial bare mass at tree-level to its three-loop order counterpart. To ensure that the method presented here subtracts the poles minimally, as claimed at the very beginning, we have to redefine the two-point function as
Thus, we make an intimate connection between the Unconventional minimal subtraction scheme and the conventional one applied for the massless theory [12] , once the terms proportional to m 2 are null in the latter situation. One obvious but important check of this redefinition is that it satisfies the normalization condition used in the Sec. IIĨ
Now, for computing the LV loop quantum corrections to the critical exponents, we need 
The definitions η ≡ γ φ (u * ) and ν −1 ≡ 2 − η − γ φ 2 (u * ) can be applied to obtain, to next-toleading order, the two respective critical exponents
where η (0) and ν (0) are their corresponding LI counterparts [38] . As there are six critical exponents and four scaling relations among them, there are only two of them which are independent. Thus the two ones above are enough for evaluating the four remaining ones.
In next Sec. we will attain the same task but now in a distinct renormalization method and will compare the results.
III. CALLAN-SYMANZIK METHOD
In the Callan-Symanzik method, the diagrams P =0
and P =0
, while evaluated at fixed vanishing external momenta, do not depend on the external momenta of the respective diagrams. This implies that they will not contribute to the subsequent computations, since the method approached here deals with the derivative of them with respect to their external momenta. The derivatives just mentioned work as conditions, together with another three ones, to be satisfied by the renormalized 1PI vertex parts renormalized by multiplicative renormalization, thus connecting the bare and the renormalized correlation functions. These conditions are
R (0; m 2 B , g)
If we use the diagrams evaluated in B, we obtain for the β-function and anomalous dimen-
We emphasize that the β-function and anomalous dimensions aforementioned are dependent 
IV. ALL-LOOP QUANTUM CORRECTIONS TO THE CRITICAL EXPONENTS
Generalizing the expressions for the β-function and anomalous dimensions in the Unconventional minimal subtractions scheme (similar arguments can be developed in the CallanSymanzik one as well) for any loop level [30] , we can write
n and γ (0) φ 2 ,n are the nth-loop loop quantum corrections to the corresponding functions. We can write these expressions valid for all-loop order because the expressions for the β-functions and anomalous dimensions at next-to-leading order suggest that there is a relation between the LV and LI dimensionless renormalized coupling constants at any loop level. In fact, such relation and was shown earlier [34] [35] [36] interpretation of this result is that the broken symmetry mechanism does not occur in the field internal symmetry spacetime but otherwise in the spacetime where the field is defined. Furthermore, this work was the first check of consistency of the Unconventional minimal subtraction scheme beyond the LI scenario, for which it was firstly proposed, for our knowledge.
and by applying the formulas of the A in d = 4 − ǫ we get the results to the Feynman diagrams, for their use in Sec. II,
= − 3m
= − 5m
The diagrams and are evaluated perturbatively in the small parameters K µν up to O(K 2 ) and and up to O(K). The computation of the latter couple of diagrams up to O(K 2 ) would be very tedious [36] . The diagrams and are harder to compute than the former two, because they are plagued by the problem of overlapping divergences, where the divergences proportional to P 2 and m 2 , respectively, overlap. This problem can be solved by separating these divergences by using the "partial-q" technique [39] . Thus, we × P (q 1 + q 2 + P ) + K µν P µ (q 1 + q 2 + P ) ν [(q 1 + q 2 + P ) 2 + K µν (q 1 + q 2 + P ) µ (q 1 + q 2 + P ) ν + m × 1 (q 1 + q 2 + P ) 2 + K µν (q 1 + q 2 + P ) µ (q 1 + q 2 + P ) ν + m 2 B × 1 [(q 1 + q 3 + P ) 2 + K µν (q 1 + q 3 + P ) µ (q 1 + q 3 + P ) ν + m × 1 (q 1 + q 2 + P ) 2 + K µν (q 1 + q 2 + P ) µ (q 1 + q 2 + P ) ν + m 2 B × P (q 1 + q 3 + P ) + K µν P µ (q 1 + q 3 + P ) ν [(q 1 + q 3 + P ) 2 + K µν (q 1 + q 3 + P ) µ (q 1 + q 3 + P ) ν + m 
For the diagrams used in Sec. III, we have
where the integral I [12, 29, 40, 41 ]
is a residual number and is a consequence of the symmetry point chosen.
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